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ABSTRACT

Bertrand Russell's Principia Mathematica has played a crucial role in the development of
modem logic and philosophy. Notwithstanding its considerable influence, Principia's contents
are not well known and, in important respects, not well understood today, Although several
commentaries about Principia have appeared since its publication, most of these
mischaracterise several of its gross structural features -- for instance, those by Copi, Kleene,
~ Kneale, and Ramsey -- and even some of the better commentaries remain unclear about its
léi%detaﬂs -- for instance, those by Chihara, Hylton, and Quine,

This dissertation examines Principia Mathematica in detail. The examination is carried out in
light of four general aims, The first is to explain the nature of the logical theory that Russell
endeavoured to put forward in Principia. The second is to examine how Russell put
Principia's logical theory to work to serve his various ends, The third is to show how this
logical theory's general structural features and several of its details relate to the wealth of ideas
that Russell seriously entertained and pursued in the period in which he was working on
Principia, Finally, the fourth aim is to compare Russell's conception of his logical theory with
contemporary conceptions of logic.

The dissertation is divided into five chapters, Chapter 1 discusses some of the ends that Russell
set for himself in his 1903 Principles -- ends which he intended the logical theory of Principia
to accomplish. The next two chapters look at the antecedents to this logical theory: Chapter 2
examines the logical theory of Principles and Chapter 3 examines Russell's celebrated vicious-
circle principle, The last two chapters describe the Jogical theory proper of Principia: Chapter
4 explains the theory's propositional fragment and Chapter 5 explains its quantificational
fragment, This last chapter also details the theory's tyne-theoretic features.

Thesis Committee: Professor George Boolos
Professor Richard Cartwright
Professor Robert Stalnaker
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Introduction

Bertrand Russell's Principia Mathematica stands as a monumental work which has played a
pivotal role in the history of logic.' Among other things, it contributed one of the first full
presentations of modern logic;® it provided the first unified solution to all of the modem
paradoxes, both logical and semantic; it carried out the first consistent reduction of the
concepts of mathematics -- more precisely, number theory, transfinite ordinal and cardinal
arithmetic, and real analysis -- to those of class theory; and, by means of this reduction, it
produced the first consistent deduction of the theorems of these branches of mathematics from
the axioms of class theory,> Accordingly, Principia went a long way toward accomplishing the
logicistic aims that Russell had earlier set for himself in his 1903 Principles of Mathematics
(henceforth Principles).

Not surprisingly, Principia's influence has been considerable. Philosophically, it was
instrumental in forming the views of Wiitgenstein, Ramsey, and the logical positivists and, as a
result, directly and indirectly affected the development of analytic philosophy in general.
Technically, it did no less than co-found modem logic, along with Frege's Begriffsschrift.

Because Frege's work was not widely circulated during the first half of the century, Principia

'A.N. Whitehead and B. Russell, Principia Mathematica (henceforth, Principia), vols, 1-3
(Cambridge: CUP, 1910-12; 2nd edn. 1927) Although Whitehead's name appears first, it
is Russell who is responsible for those parts that are of logical and philosophical interest.

*Frege's Begriffsschrifi gave the first presentation of modem logic.

3Note that, rather than saying 'consistent' here, it would be more accurate to say ‘consistent
insofar as one has reason to believe',

“The Principles of Mathematics. (London; CUP, 1903). (I shall refer to the second edition:
New York: Norton, 1938))
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was the source-book for students of this new subject, among whom were Camap, Tarski,
Godel and Quine,

Notwithstanding its considerable influence, however, Principia's contents are not well
known and, in important respects, not well understood today. Although several commenteries
about Principia have appeared since its publication, most of these mischaracterise several of its
gross structural features -- for instance, those by Copi, Kleene, Kneale, and Ramsey -- and even
some of the better commentaries remain unclear about its details -- for instance, those vy
Chihara, Hylton, and Quine. There are several reasons for these deficiencies, First, the
conception of logic that underlies Principia's technical development is, in many respects, at
variance with more contemporary conceptions, Secondly, Principia's discursive explanations
and its formal work at times fall short of contemporary standards of rigour and clarity, Thus,
for instance, these do not explicitly distinguish the sundry roles played by its axioms, rules of
inference, and even rules of formation, usually simply calling them all "principles," Principia
contrasts notably with Frege's Grundgesetze der Arithmetik in this respect, Thirdly, Principia's
discursive explanations and formal work contain several peculiarities which may even strike
one as incongruous at first blush, Thus, its introduction and Chapter *12 present mutually
incompatible definitions of the notion of predicative function. Chapter *9 specifies a very fine-
grained notion of type for propositions and propositional functions, while Principia's actual
deductions may be taken to appeal to a rather coarse-grained notion -- yet a third notion is
employed to carry out class theory, Principia's various explanations of its notion of order have
caused scholars to be confused about the nature of its ramified theory of types. And, most
notably, its Chapters *9 and *10 offer two quite different and entirely independent expositions
of quantification theory,

This dissertation, therefore, examines Principia Mathematica in detail, The
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examination is carried out in light of four general aims. The first is to explain the nature of the
logical theory that Russell endeavoured to put forward in Principia. The second is to examine
how Russell put Principia's logical theory to work to serve (some of) his various ends, The
third is to show how this logical theory's general structural features and several of its details
relate to the wealth of ideas that Russell seriously entertained and pursued in the period in
which he was working on Principia. Finally, the fourth aim is to compare Russell's conception
of his logical theory with contemporary conceptions of logic.

The dissertation is divided into five chapters. Chapter 1 discusses some of the ends that
Russell set for himself in his 1903 Principles -- ends which he intended the logical theory of
Principia to accomplish. The next two chapters look at the antecedents to this logical theory:
Chapter 2 examines the logical theory of Principles and Chapter 3 examines Russell's
celebrated vicious-circle principle. The last two chapters describe the logical theory proper of
Principia: Chapter 4 explains this logical theory's propositional fragment and Chapter 5
explains its quantificational fragment. This last chapter also details the theory's type-theoretic

features,
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Chapter 1

The Aims of Principia Mathematica

Russe!l intended Principia to accomplish three separate, although interrelated, aims: Principia
should give a full presentation of modem logic by means of articulating an interpreted formal
system, It should provide a unified solution to his and other recently discovered paradoxes,
both logical and semantic.® It should show by means of the formal system that mathematics can
in a precise sense be reduced to logic. Russell had explicitly set these aims for himself'in
Principles and they occupied his attention during the decade that he spent writing Principia® |
discuss the first and second of these aims separately below. Because I am specifically
concerned with Principia's logic and not with its reduction of mathematics to such logic,

forego any discussion of the third aim in what follows.

1. The Form em

In order to understand the significance of Russell's aim of presenting an interpreted
formal system in Principia, one must see both what he takes a formal system to be, and how he
considers it to be interpreted.” I begin by looking at the former concern. Following Frege and

to a certain extent Peano, Russell takes such a system to be a formal object consisting of

5As we shall see, Russell did not think that this distinction had any relevance to the solution
of the paradoxes,

s Although Russell explicitly states these aims in Principles, he never presents them together.
They are rather individually repeated throughout the text.

"For expository purposes, I shall in what follows consider a formal system proper to be a
purely formal object -- that is, something individuated by purely syntactic criteria, I do not
intend such individuative criteria, however, to exhaust the important features that Russell
ascribes to such an object,



14

various elements, including crucially its primitive vocabulary, its rules of formation, its axioms,
its rules of inference, and its notions of deduction and theoremhood. Russell, in tumn, sees these
elements as effectively determining both (what we would now call) a formal language and a
formal calculus. The primitive vocabulary and rules of formation in effect determine the
formal language by specifying the terms, predicates, and open and closed formulae. The
notions of deduction and theoremhood in turn determine the calculus by specifying the objects
that are the deductions and theorems. Thus, where P is a set of formulae and C is a formula, a
deduction from P -- its premise set -- to C -- its conclusion -- is a sequence of formulae that are
related to P, C, and each other in certain effectively specifiable ways, A theorem is simply a
conclusion of a deduction from an empty premise set. When [ examine Principia in detail, |
shall concentrate on Russell's particular definition of these items, From what I have already
said, however, it is clear that Russell's notion of formal system, gua formal object, is very much
like the modem notion,

I now move on to examine how Russell takes a formal system to be interpreted, In
contrast to the first concern, Russell's conception in this regard differs considerably from the
modem one, although not completely. I divide the examination into two parts. In the first part,
I examine how Russell interprets a formal system's formal language and, in the second part,
how he interprets its formal calculus. In both these parts, I shall focus exclusively on the
formal system that Russell presents in Principia.

There are two important aspects of Russell's interpretation of Principia's formal
language. For convenience, [ dub these fixity and universality. Fixity: Like Peano and Frege
and unlike the contemporary algebraic logicians Boole, Schroder, and Léwenheim, Russell
takes Principia's formal language to enjoy a fixed interpretation, He takes this interpretation,

moreover, to be fixed in a compositional way. Each particle of Principia's primitive
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vocabulary enjoys a fixed semantics in the sense that it means some specific object in his
ontology -- which he calls the realm of being. Likewise, each formula constructed out of these
particles according to Principia's rules of formation enjoys a fixed semantics in the sense that it
means what Russell calls a proposition, which is simply the ordered complex of objects that are
meant by the constituent particles, These claims will be spelled out more fully when we
investigate his Principles and other pre-Principia writings. At this point, however, we can
already say that this aspect of how Russell interprets Principia's formal language is very much
at variance with the contemporary model-theoretic conception. According to this conception,
we may treat the terms and formulae of any formal language as de-interpreted and assign them
whatever mathematically tractable interpretation we may choose,

Universality: As is well-known, Russell takes Principia's formal language to be
universal and, indeed, he does so in two separate but interrelated ways, First, he construes its
variables to range over everything there is -- that is, everything there is in his realm of being, It
is noteworthy that Russell had, in fact, construed his formal language's variables to range over
everything there is long before he wrote Principia but the particular way in which he did so
contrasts starkly from the way in which he does in Principia, In Principles and other pre-
Principia writings, he meant this in the sense that each variable was understood (o range over a
completely unrestricted universe of discourse.® In these earlier writings, he more than once
offered a certain argunient for this construal;

It is customary in mathematics to regard our variables as restricted to certain

classes: in Arithmetic, for instance, they are supposed to stand for numbers,

But this only means that if they stand for numbers they satisfy some formula,

i.e., the hypothesis that they stand for numbers implies the formula, This, then,
is what is really essential, and in this proposition it is no longer necessary that

¥This position, however, seems to be rejected in one of Principles's appendices in which a
version of the simple theory of types is put forward.
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our variables should be numbers: the implication holds equally when they

are not so. ... Thus in every proposition of pure mathematics, when fully stated,

the variables have an absolutely unrestricted field.[Principles, 7)

In Principia, by contrast, Russell introduces his ramified theory of types specifically in order to
forbid this particular construal because he holds it responsible for the paradoxes, Nevertheless,
he construes Principia's variables to range over everything there is in the sense that anything
there is is understood to fall under some particular type and each type is understood to have a
class of variables that range over and only over all of the objects that fall under it. Note that

| this construal is still similar to his earlier construal in that it entails that there can never be
anything in the realm of being that falls outside the scope with which his formal language's
variables are concemed.

Secondly, and more generally, Russell takes Principia's formal language to be universal
in the sense that he takes any proposition (which is expressible by any means) to be expressible
by means of some one of its formulae. If we consider Russell's theory of propositions -- we
shall discuss this in detail when we look at Principles -- and his ramified theory of types, we
may understand this position to be an unsurprising and natural outcome. According 1o his
theory of propositions, any given proposition P is simply an ordered complex of objects each of
which belongs to the realm of being, According to his ramified theory of types, each object in
the realm of being falls under a type and each type has a class of particles -- its variables --
belonging to Principia's primitive vocabulary which range over all and only the objects falling
under that type. Any particular particle of such a class of particles, therefore, may be taken at

any one time to refer to any object falling under the type.” In this light, if for each constituent

For the moment, | am saying that a variable may be taken to refer to any object belonging
to its type. Russell's account is actually more complicated than this construal and I shall discuss
it when I examine his infamous any/all distinction.
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object o of the given proposition P, we construe a particle of its type as referring to o, then if
we arrange all such particles according to the rules of formation in a way that is analogous to
the way that P's constituent objects are arranged, these particles will constitute a formula of
Principia's formal language that means the proposition P,

Russell is most forthright about this position when he asserts its contrapositive, viz., if
there is no formula of Principia that expresses some putative proposition, then if cannot be
expressed by any means -- in particular, if cannot be expressed by any sentence of ordinary
language even if some such sentence may appear to do so, Russell very explicitly asserts this
contraposition in various passages where he discusses the consequences of the theory of types,
There he says of any sentence of ordinary language that violates the grammatical restrictions
dictated by the theory of types that even if it may appear to express a proposition, it must fail to
do so. Thus, he writes in his 1937 Introduction to Principles:

The technical essence of the theory of types is merely this; Given a
propositional function "yx" of which all values are true, there are expressions

which it is not legitimate to substitute for "x." For example: All values of "if x

is a man x is a mortal" are true, and we can infer "if Socrates is a man, Socrates

is mortal"; but we cannot infer "if the law of contradiction is a man, the law of

contradiction is a mortal." The theory of types declares this latter set of words

to be nonsense, and gives rules as to permissible values of "x" in "yx." In the

detail there are difficulties and complications, but the general principle is

merely a more precise form of one that has always been recognized. In the

older conventional logic, it was customary to point out that such a form of

words as "virtue is triangular" is neither true nor false, but no attempt was made

to arrive at definite set of rules for deciding whether a given series of words

was or was not significant, This the theory of types achieves.[ Principles, p.

Xiv]

Russell actually holds a stronger version of the position described above. Namely, not
only does he take any proposition that is expressible by any means to be expressible by means

of some formula belonging to Principia's formal language, but he also takes it that insofar as

any proposition is expressible by some means -- say by means of some sentence of ordinary
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language -- it is so expressible in virtue of already being expressible by a formula of Principia.
The reason that Russell holds this stronger position stems from his view of logical analysis,
which he developed in the decade before Principia was published.'® Briefly, according to this
view, although a given sentence S of ordinary language may express a given proposition P, S
may have on the surface a grammatical form that is radically different from the "logical form"
of P. In order to discover P's logical form, we should start by analysing S. Such an analysis
should lead to another sentence S, which also expresses P and whose grammatical form is in
some sense closer to the logical form of P. We should then analyse S, and this process should
lead successively to the sentences S,, S;, etc., each of which expresses P and each of which has
a grammatical form that is closer to the logical form of P than is the grammatical form of its
predecessor. At the end, this process should lead to some sentence S, whose grammatical form
is the logical form of P, Now, according to this view of analysis, this sentence S, exhibits the
true logical form of S in the sense that it is in virtue of having this form that S may behave in
the logical way that it is so licensed. Moreover, S expresses the proposition P in virtue of the
fact that S, does, for S is really a kind of disguised abbreviation for S, As one might guess, S,

is supposed to be a formula belonging to the formal language of Principia,''?

"%Russell's view of analysis originates from Moore, Indeed, except for a few complications,
it is Moore's view of analysis that is articulated in Principles, However, Russell extends and
modifies Moore's view considerably in various papers after 1903, His "On Denoting" is
significant in this respect because in it, he introduces the important notions of incomplete
symbol and contextual definition,

""Here, I am distinguishing sentences according to some suitable notion of type.

"I should note here that Russell considers every formula of Principia's formal language to
exhibit its logical form in a completely perspicuous way and, for this reason, he calls it a
logically perfect language. Cf. The Philosophy of Logical Atomism (LA), (La Salle, lllinois:
Open Court, 1985), p. 58. Russell also notes there that we may add whatever nonlogical
particles we may like -- as long as we do not modify the syntax -- to Principia's formal
language without affecting its logical perfection.
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a result of this acquaintance.

To summarise the last few paragraphs, we have seen that Russell takes Principia's
formal language to be universal both in the sense that there is nothing which lies outside the
scope of Principia's variables and in the sense that any proposition which is expressible by
some means is expressible by some formula of Principia. These two aspects of how Russell
interprets Principia's formal language are to a certain extent at variance with contemporary
conceptions, Conceming the first aspect, some contemporary writers -- for instance, Dummett
and Parsons -- argue that it makes no sense lo conceive of the variables of any formal system as
enjoying a completely unrestricted domain of discourse,'” Others -- most notably Boolos,
Cartwright, and Quine -- argue that this possibility makes perfect sense.'® Conceming the
second aspect, perhaps no one today takes the formal language of any formal system to be a
universal framework inside of which any proposition that is expressible by any means is also
expressible, However, there are contemporary twists to this theme, Quine, for instance,
recommends on methodological grounds that our discourse be regimented according to the
strictures of first-order logic and claims that it makes sense to discuss what the ontological
commitments of a given discourse are only after such a regimentation of the discourse in
question is achieved.'” When discussing "radical interpretation," Davidson says that first-order

logic provides the most useful structure in terms of which a language that is radically different

'""M. Dummett, Frege: Philosophy of Language, 2nd edn, (Cambridge, Mass,; HUP, 1981),
ch. 16. C. Parsons, "Sets and Classes" in Mathematics in Philosophy, (Ithaca, New York:
Comell University Press, 1983).

1®G, Boolos, "Whence the Contradiction?" in Aristotelian Society, Suppl. vol. 67 (1993) pp.
213-234. R. Cartwright, "Speaking of Everything", 1989 ASL lecture, W.V. Quine, "On What
There Is", "Existence and Quantification", among others,

'°Cf. "On What There Is", "Existence and Quantification", Word and Object: chs, 3 and 5,
among others,



19

Russell first puts forth this stronger position with respect to mathematical discourse, In
the opening pages of Principles, he claims that sentences that express mathematical
propositions really express propositions of pure logic," Such a claim, indeed, follows from his
adherence to logicism, Later, when Russell directs his attention to epistemological concems, he
makes a claim that is somewhat similar about sentences that express material-object
propositions and propositions of natural science. That is, he claims that such sentences are
really disguised abbreviations for sentences about sense-data and logical constructions of sense-
data. In "The Relation of Sense-Data to Physics"(1914),"* he hints at how such disabbreviation
may be carried out and, in Our Knowledge of the External World(1914, the Lowell Lectures),
he carries it out in some detail, "*

Concerning the claim that a sentence S of ordinary language may express a proposition
P only in virtue of the fact that it is an abbreviation of some formula S, of Principia and that S,
expresses P, one may ask in virtue of what does S, express P, Russell answers this question by
appealing to his celebrated notion of acquaintance, He says in "Knowledge by Acquaintance
and Knowledge by Description"(1910), and elsewhere, that a disabbreviated sentence such as
S, expresses its proposition P in virtue of the fact that we are acquainted with the constituents

of P.'S Presumably, he considers the particles of such a sentence to mean these constituents as

""Here, as elsewhere, Russell actually talks at the level of propositions and not at the level of
their linguistic vehicles. My discussion in the following, therefore, is somewhat of a
reconstruction,

14"The Relation of Sense-Data to Physics" in Mysticism and Logic, pp. 108-131,

'>Carnap carries this disabbreviation project even further in his Der Logische Aufbau der
Welt (1928).

'sAccording to his notion of acquaintance, the only items that we are acquainted with are
logical objects -- his indefinables of Principles -- and sense-data,
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from one's home language should be regimented in order to interpret it.*

I now move on to discuss the second part of the examination of how Russell takes the
formal system presented in Principia to be interpreted -- that is, the part having to do with how
he interprets the formal system's formal calculus. In this part, I first consider how Russell
interprets the formal calculus's deductions and then consider how he interprets its theorems,

There are three points to note about how Russell interprets the deductions in
Principia.® Recall that a deduction belonging to Principia’s formal calculus is a purely formal
object. More precisely, if D is a deduction from a set of premises P to a conclusion C, then D
is simply a sequence of formulae that relate to P, C, and each other in certain effectively
specifiable ways, where these are described by the formal calculus's rules of inference,* Recall
also that the formulae of Principia enjoy a fixed interpretation in the sense that any such
formula expresses a particular proposition, Ii follows from these considerations that for any
deduction D, there exists a sequence of propositions A such that to any formula F of D
there corresponds in a one-to-one fashion a proposition Q of A which F expresses. For the
purpose of exposition, we may call any such sequence of propositions A that so corresponds to
some deduction D of the formal calculus a PM-argument (Principia-argument), The first of

the three points about how Russell interprets Principia's deductions, then, is simply that he

°Cf, "Radical Interpretation” in Truth and Interpretation, (Oxford; Clarendon, 1985).

't should be noted that, in the following, I distinguish carefully between various formal or
syntactic items and their semantic analogues, Russell in his writing is not always so careful,
For the most part, he only talks explicitly about the semantic items, although he clearly
presupposes an intimate connection between these and their formal analogues, Thus, where I
distinguish between deduction, qua formal object, and argument, gua semantic analogue,
Russell uses the word "deduction" to refer to both,

2 Among these rules of inference are modus ponens, substitution, definitional interchange,
and universal generalisation.
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takes any such PM-argument to be logically valid. In saying this, I should note here that Russell
does not construe logical validity in the way that Tarski later famously explicated this

notion.>** Rather, Russell construes logical validity to mean something like validity in virtue of
general reasoning,® This construal is, of course, vague and unsatisfactory; but the point is that
Russell takes the traditional notion of logical validity to be an important and completely
legitimate notion that is perhaps primitive in the sense of not being definable or explicable in
simpler terms,

The second point about how Russell interprets Principia's deductions is that he holds
the following contemporary-sounding position; not only is every PM-argument logically valid,
but insofar as any argument expressed in ordinary language is logically valid, it is so in virtue of
there being a PM-argument which corresponds to it.** More precisely, where P is a set of
premises expressed by ordinary language sentences, C is a putative conclusion from P
expressed by an ordinary language sentence, and B is an argument from P to C consisting of
propositions expressed by ordinary language sentences, then insofar as B is logically valid, there
exists a PM-argument from P to C expressed by formulae of Principia. It follows from this

position that an argument is logically valid iff it is a PM-argument or corresponds to a PM-

BTarski, Alfred. "On the Concept of Logical Consequence" 1936, Cf W, Hodge's "Truth in
a Structure".

*However, supposedly Bolzano had already articulated a similar explication,

BDefine a truth-preserving relation as follows. A relation R between propositions py, pa, ...,
P, is truth-preserving whenever: R holds of p,, p,, ..., p, iff both (a) R holds in virtue of the
logical structures which propositions p,, ps, ..., p, exhibit and (b) if R(p,,p,, ...,p,) and py, pa, ..,
p,. are all true, then p, must be true also, Itis perhaps possible to say that Russell takes
an argument to be logically valid when and only when truth-preserving relations hold in suitable
ways between various propositions of the argument.

*Note the similarity between this position and the position described above conceming the
possibility of there being an ordinary language sentence expressing a proposition,
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argument. Since something is a PM-argument iff there is a corresponding deduction in the
formal calculus, it also follows that any argument is logically valid iff it has a corresponding
deduction in the calculus. In this respect, although Russell takes the notion of logical validity to
be indefinable, he nevertheless gives a characterisation of the notion in proof-theoretic terms,

Russell's adherence to this position is most apparent when he advances the claim that
all correct mathematical reasoning can be formalised in Principia's formal calculus. Indeed,
this claim is entailed by his claim of logicism. He writes in a number of places that where
mathematicians have, in fact, employed methods that are not amenable to such formalisation,
these methods have led to results which, although they may be obvious, do not follow from
their premises. For instance, in 1901 he writes this about the use of figures in geometry:

In Geometry, as in other parts of mathematics, Peano and his disciples
have done work of the very greatest merit as regards principles. Formerly it
was held by philosophers and mathematicians alike that the proofs in Geometry
depended on the figure, nowadays, this is known to be false. In the best books
there are no figures at all. The reasoning proceeds by the strict rules of formal
logic from a set of axioms laid down to begin with. If a figure is used, all sorts
of things seem obviously to follow, which no formal reasoning can prove from
the explicit axioms, and which, as a matter of fact, are only accepted because
they are obvious.”’

The rigid methods employed by modemn geometers have deposed
Euclid from his pinnacle of correctness. ... Countless errors are involved in his
first eight propositions, That is to say, not only is it doubtful whether his
axioms are true, which is a comparatively trivial matter, but it is certain that his
propositions do not follow for the axioms which he enunciates. A vastly greater
number of axioms, which Euclid unconsciously employs, are required for the
proof of his propositions. Even the first proposition of all, where he constructs
an equilateral triangle on a given base, he uses two circles which are assumed
to intersect. But no explicit axiom assures us that they do so, and in some kinds
of spaces they do not always intersect, ... Thus Euclid fails entirely to prove his
point in the very first proposition,*®

?"Mathematics and the Metaphysicians," (MM) in Mysticism and Logic, Bames and Noble,
p. 72,

2ibid. pp. 72-3, my italics,
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Moreover, Russell writes that not only has the employment of methods that are not amenable to
formalisation led to results that do not follow, but such employment has actually led to
problematic and even false results, He cites the foundational problems of the infinitesimal
calculus as an instance. In the same essay, in a somewhat later passage, he also claims that
formalisation is responsible for resolving these problems:

The most remarkable result of modem methods in mathematics is the
importance of symbolic logic and of rigid formalism. Mathematicians, under
the influence of Weierstrass, have shown in modem times a care for accuracy,
and an aversion to slipshod reasoning, such as had not been known among
them previously since the time of the Greeks. The great inventions of the
seventeenth century -- Analytic Geometry and the Infinitesimal Calculus --
were so fruitful in new results that mathematicians had neither time nor
inclination to examine their foundations, Philosophers, who should have taken
up the task, had too little mathematical ability to invent the new branches of
mathematics which have now been found necessary for any adequate
discussion. Thus mathematicians were only awakened from their 'dogmatic
slumbers' when Weierstrass and his followers showed that many of their most
cherished propositions are in general false. Macaulay, contrasting the certainty
of mathematics with the uncertainty of philosophy, asks who ever heard of a
reaction against Taylor's theorem? If he had lived now, he himself might have
heard such a reaction, for this is precisely one of the theorems which modemn
investigations have overthrown, Such rude shocks to mathematical faith have
produced that love of formalism which appears, to those who are ignorant of its
motive, to be mere outrageous pedantry.”

It should be mentioned that it is only because of the success of the new logic that
Russell can plausibly adhere to the stronger position above described, Until 1879ej1ere
remained many kinds of argument in mathematics that resisted formalisation according to the
existing principles of logic yet that were taken to be instances of correct reasoning, With the
new logic, however, one could show that any of the inferential steps of these recalcitrant kinds

of argument could be understood to be composed of several "smaller" inferential steps such

that each of these is effectively described by one of the new logic's few rules of inference. Both

Bjbid, p. 73, my italics.



Russell and Frege were very aware of this fact:

If we try to list all of the laws governing the inference which occur when
arguments arc conducted in the usual way, we find an almost unsurveyable
multitude which apparently has no precise limits. The reason [or this,
obviously, is that these inferences are composed of simpler ones.*

The third point about how Russell interprets Principia's deductions -- which is closely
related to the above discussion -- is that he takes any PM-argument to be "gapless" in the sense

that Frege takes his formalised arguments to be. Thus, Russell writes in the Preface to
Principia:

We have found it necessary to give very full proofs, v..ause otherwise
it is scarcely possible to see what hypotheses are really required, or whether our
results follow from our explicit premisses. (It must be remembered that we are
not affirming merely that such and such propositions are true, but also that the
axioms stated by us are sufficient to prove them,) At the same time, though full
proofs are necessary for the avoidance of errors, and for convincing those who
may feel doubtful as to our correctness, yel the proofs of propositions may
usually be omitted by the reader who ...[Principia, p. vi]

Elsewhere, Russell makes it clear that for a proof to be full in the above sense, it must be
gapless. Discussing the importance of formal systems, he writes:

It is not easy for the lay mind to realize the importance of symbolism in
discussing the foundations of mathematics, ... The fact is that symbolism is
useful because it makes things difficult. ... What we wish to know is, what can
be deduced from what, Now, in the beginnings, everything is self-evident; and
it is very hard to see whether one self-evident proposition follows from another
or not. Obviousness is always the enemy of correctness, Hence we invent
some new and difficult symbolism, in which nothing seems obvious, Then we
set up certain rules for operating on the symbols, and the whole thing becomes
mechanical, In this way we find out what must be taken as premise and what
can be demonstrated or defined.”

®Frege, "Uber die Begriffsschrift des Herm Peano und meine eigene," Berichte iiber die
Verhandlungen der Koniglich Sachsischen Gesellschafien der Wissenschaften zu Leipzig,
Mathematischephysische Classe, 48 (1897). Translated as "On Mr, Peano's Conceptual
Notation and My Own," in Collected Papers, p. 235.

3IMM, p. 61, my italics,
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In this respect, we may say, roughly speaking, that a given argument from a premise set
P to a conclusion C is gapless if and only if no extraneous premise -- that is, no proposition not
belonging to P, where P is taken to be effectively decidable -- is appealed to in the course of the
argument to C, in the way, for instance, that Kant insists -- when he talks about "construction of
concepts" in his first Critique -- that intuition must be appealed to at any given step of a
mathematical proof. Now, that any PM-argument is in this sense gapless actually follows from
the specifications of what it is to be a PM-argument and what it is to be a premise to such an
argument For since the set of premises in a PM-argument is effectively decidable and since a
proposition can occur in a PM-argument only if it relates to previously occurring propositions
and/or propositions belonging to the argument's premise set in an effectively decidable way,
there can be no tacit appeal to an extraneous premise in any interesting sense,

We now move on to consider how Russell interprets the theorems of Principia's formal
calculus. Recall that a theorem is a formula of Principia's formal language which is the
conclusion of a deduction whose premise set is empty, It is perhaps unnecessary to say that
Russell takes the propositions expressed by Principia's theorems to be logical truths and that he
intends the notion of theoremhood to capture proof-theoretically the notion of logical truth, In
order to understand what this means, however, we must ask how he otherwise characterises the
notion of logical truth, In his Introduction to the second edition of Principles in 1937 and
elsewhere, Russell states two relevant characteristics;

A logical [truth] must have certain characteristics which can be defined; it must

have complete generality, in the sense that it mentions no particular thing or

quality; and it must be true in virtue of its form.

[Principles, p. xii]

For a proposition to mention no particular thing or quality, Russell claims that it must consist of

nothing but variables and logical constants.**** Unfortunately, he does not have a substantive




theory of what it is to be a variable or a logical constant (he confesses this in his 1937
Introduction), so it is unclear how we are to explain this first characteristic of logical truth,**
Conceming the second characteristic, Russell writes:

I confess, however, that I am unable to give any clear account of what is meant
by saying that a proposition is "true in virtue of its form."| Principles, p. xii]

Notwithstanding this remark, Russell clearly has some intuitive notion in mind, for he claims
shortly before the remark that it is on the basis of this characteristic that the axioms of choice
and infinity are or are not logical truths, Like the first characteristic, however, it is unclear how
we should spell out this second one. In this light, it is difficult for us to say in virtue of what the
propositions expfessed by the theorems of Principia are supposed to be logical truths,

Let us summarise what we have seen about how Russell interprets the formal calculus
of Principia. Conceming its formal deductions, we have seen that Russell takes any such
deduction to express a gapless, logically valid PM-argument and, moreover, that insofar as any
argument is logically valid, it has a corresponding PM-argument, In this respect, Principia's
formal calculus may be taken to capture the notion of logical validity proof-theoretically.

Concerning the formal calculus's theorems, we have seen that Russell takes these to express

%Principles, §§ 3, 12, etc.; Principia, p. 93,

3 As we shall see when we examine the Principles, Russell treats these items as actual
objects in the realm of being, not as linguistic particles.

3*Notwithstanding this unclarity, some have drawn interesting consequences from this claim,

Peter Hylton, in his Russell, Idealism, and the Emergence of Analytic Philosophy (RIAP),
writes:

A consequence of this is that if, for some number », there are exactly » entities,

then it is a truth of logic that there are exactly » entities. (We can say that there

are exactly n entities using only variables and logical constants ... [p. 200, note

39}
This is a curious consequence given that Russell never takes the axiom of infinity to be a logical
truth. See the comment about the second characteristic.
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logical truths and that he intends the calculus proof-theoretically to capture the notion of logical
truth, To this extent, it is clear that there are substantive differences between Russell's
conception of Principia's deductions and theorems and the modem conception of these items.

I mention only the most notable. Whereas Russell takes any Principia deduction lo express a
PM-argument, in modemn terms, a deduction is a de-interpreted schema that may be appealed
to as a finitary means for determining whether or not the explicated, model-theoretic relation of
logical consequence holds between certain formulae -- more precisely, between a certain set of
formulae and a distinguished formula. Also, whereas Russell takes anv Principia theorem to
express a proposition that is logically true, the modern conception treats any such theorem also
as a de-interpreted schema that satisfies the notion of logical truth, again explicated model-
theoretically. Note that since Russell's notion of logical truth and the model-theoretic one apply
to different kinds of object, they themselves must certainly be different. Clearly, such
differences stem partly from Russell's taking Principia's formal language to have a fixed
interpretation.

In an effort to make clear the significance of Russell's aim in Principia of presenting an
interpreted formal system, I have in this section examined what he takes a formal system to be,
and how he considers it to be interpreted. To repeat, Russell takes a formal system to be more
or less the same formal object that we take it to be, But he considers its formal language to
have a fixed and universal interpretation, its formal deductions to express logically valid
arguments, and its theorems to express logical truths. Considering the nature of each of these
claims, it is easy to appreciate the significance Russell may attach to the aim in question.*

Before moving on to discuss the second aim that Russell has in Principia, | should

»Throughout the rest of this work, I shall use the expressions "logical system" and "logic" to
mean interpreted formal system as described in this section.
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discuss one inference that some scholars -- for instance, Goldfarb, Hylton, and Ricketts -- have
made from the premise that Russell takes Principia's formal language to be universal in the
above described senses.*® From this premise, they have inferred that for Russell (and Frege)
there is no room for metatheoretic considerations about logic in thé sense that there is no
legitimate stance from which to frame such considerations, One may, perhaps, explain their
inference as follows, Principia's formal language is universal in the sense that anything that can
be expressed by some means must be expressible by some formula of that language. Thus,
there is no "stance" outside that language from which to express anything in the sense that there
can be no proposition which is not already expressible from inside the language, From this, it
should follow that there can be no proposition about the language, the formal system, or logic
in general -- that is, there can be no metalogical propositions at all,

The basis for this inference appears questionable, It seems to be possible to suppose
the premise about the universality of Principia's formal language without supposing the
conclusion by merely supposing that the universal formal language be able to talk about itsell
and other aspects of Principia's formal system, At least two considerations about Russell
cohere well with this supposition. In Principles, and elsewhere, Russell subscribes to a
noncategorial conception of logic, according to which the variables of quantification enjoy a
completely unrestricted range over which to vary, Also, Russell considers and uses forms of
self-referential reasoning, for instance, in the generation of the semantic paradoxes and in the

generation of the propositional-function version of his own paradox -- we shall look at these in

*See W, Goldfarb, "Logic in the Twenties; The Nature of the Quantifier", in Journal of
Symbolic Logic 44 (1979) p. 353, "Russell's Reasons for Ramification" in Savage and
Anderson, p. 27; Hylton, RIAP, p, 202-3; T. Ricketts, "Frege, the Tractatus and the
Logocentric Predicament", Nous 19 (1985) pp. 4-9. Also, cf, J, van Heijenoort, "Logic as
Calculus and Logic as Language" in Synthese 17 (1967), pp, 324-30,
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the next section.

In questioning the basis of this inference, one must concede that Russell does make
various remarks which independently offer some support 1o the conclusion. The most
celebrated remark of this kind is to be found in §17 of Principles:

it should be observed that the method of supposing an axiom false, and

deducing the consequences of this assumption, which has been found

admirable in such cases as the axiom of parallels, is here not universally

available, For all our axioms are principles of deduction; and if they are (rue,

the consequences which appear to follow from the employment of an opposite

principle will not really follow, so that arguments from the supposition of the

falsity of an axiom are here subject to special fallacies.”

Moreover, it would be somewhat anachronistic to ascribe Russell a substantial metatheory
since the distinction between object-theory and metatheory was only made clear in a
mathematically precise way by Hilbert and then Tarski some time after Russell had stopped
working on logic.

In the light of all of these considerations, I shall, as an exegetical rule of thumb, read
Russell as in general working at the object-theory level. I shall, however, take a neutral stand,

1o the extent that this is possible, on whether or not Russell can seriously entertain

metatheoretic considerations,

2, The Solution of the Paradoxes

Another of Russell's aims in Principia Mathematica is that its logical system should provide a
unitary solution to his and the other modemn paradoxes. In order to understand the significance
of this aim, one must see both Russell's reasons for thinking that the logical system per se

should provide their solution and his reasons for thinking that their solution should be unitary, I

See also Principia, p. 91.
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examine Russell's reasons in the following, Toward this end, I first review all of the relevant

paradoxes that exercised his attention in the decade in which he was working on Principia.

(a) The Paradoxes™

In 1897, Cesare Burali-Forti discovered the first of the modem paradoxes.* The argument to
this paradox is rather technical; it appeals to the resources developed within Cantor's theory of
the transfinite, An informal version of the argument to the paradox goes as follows: Let x be
any class of ordinal numbers, Then x is well-ordered by the notion of magnitude particular to
the ordinal numbers in question. Since any well-ordered class has an order-type represented bv
some ordinal number, x has an order-type represented by some ordinal number «, By a simple
derivation, it can be shown that this « cannot belong to x, Now, consider the class On of all
ordinal numbers, Since On is well-ordered, it has some ordinal number B representing its
order-type. As in the case with &, p cannot belong to On. Contradiction,

In 1899, Cantor discovered a simpler paradox, Like the argument to Burali-Forti's
paradox, the argument to this paradox appeals to resources developed within his theory of the
transfinite, although these resources concern cardinal rather than ordinal numbers. An informal
version of the argument to the paradox goes as follows: According to Cantor's theorem, for
any class x, the class of all its subclasses ©(x) -- its power-class -- has a cardinality strictly

greater than the cardinality of x, where the cardinality of a class z is in this sense strictly greater

3#Those who are familiar with the modem paradoxes may jump ahead to the discussion of
Russell's less well known propositional function paradox and proposition paradox -- these are,
respectively, the fourth and fifth paradoxes examined here.

®In his Cantorian Set Theory and the Limitation of Size (Oxford: Clarendon Press, 1984),
Michael Hallett points out that Cantor had known of this paradox as early as 1895, See pp. 74,
169.
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than that of a class y iff there is a one-to-one map fromy into z but no onto map fromy to z,*
Now, consider the universal class V -- that is, the class of all classes, By Cantor's theorem, the
cardinality of (V) is strictly greater than that of V. Thus, there i no onto map from V to
©(V). Accordingly, there must be at least one class in (V) which is not in V, the class of all
classes. '

In May of 1901, Russell discovered the simplest of all the modem paradoxes, ***
Unlike the arguments to the former two paradoxes, the argument to this one does not appeal to
any of the resources of Cantor's theory of the transfinite; indeed, it is very easily stated. Russell
was led to the paradox by examining Cantor's argument to his own paradox. In this
examination, he came to consider that a class sometimes is, and sometimes is not, a member of
itself. So, for example, the class of teaspoons is not a member of itself since it is not a
teaspoon, whereas the class of non-teaspoons is a member of itself since it is a non-teaspoon,
Call a class that is a member of itself self-membered and a class that is not non-self-membered.
Now, consider the class R of all non-self-membered classes. Query:; is R non-self-membered?
Suppose that it is; that is, suppose that R¢R. Then R satisfies the condition for belonging to
itself,. So ReR. Conversely, suppose that R is self-membered, so ReR. Then, R must satisfy

the condition for belonging to itself, viz., being non-self-membered. So R¢R. Hence, ReR iff

*One could define 'strictly-greater-than' as follows: the cardinality of a class z is strictly
greater than that of a class y iff there is a map from z onto y but no such map is one-to-one.
However, the axiom of choice is required to prove that this definition is equivalent to the
definition given above.

“'Care is required to state this argument formally.

“[n his autobiography and in his My Philosophical Development (henceforth, MPD),
Russell writes that he discovered it in May; however, in his My Mental Development, he writes
that he discovered it in June,

#Zermelo discovered this paradox independently in 1902,
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Re¢R

This argument may be easily formalised in order to show precisely what is required in
order to obtain the contradiction, Crucially, assume a principle of unrestricted comprehension
governing the existence of classes: Yy3yvx(xey ~ y(x)) (i). Here, the variable ' ' ranges
over propositional functions. From (i), infer 3yvx(xey ~ x¢x) by universally instantiating
"y[1]' with '[1]€[1]"* Next, instantiate "y". Vx(x€y - x¢x). Then instantiate "x". y€y - yey.
Thus, only four interesting items are required to obtain the contradiction: the comprehension
principle, the well-formedness of *x¢x', universal instantiation, and existential instantiation.**

In §§96 and 101 of Principles, Russell discusses another paradox whose argument
parallels the argument to his class paradox. This argument, however, appeals to propositional
functions rather than to classes, The argument may be obtained by replacing in the former
argument references to classes by references to monadic propositional functions and references
to membership by references to satisfaction, Briefly, call a monadic propositional function that
applies to itself self-satisfying and one that does not non-self-satisfying. Now, consider the
monadic propositional function Q which applies to all and only non-self-satisfying monadic

propositional functions, Query: Does Q satisfy itself? Answer: Q satisfies itselfiff it does not.

This argument may be put more formally as follows. Assume a principle of

unrestricted comprehension governing the existence of monadic propositional functions:

*Quine's circled numerals are employed here in order correctly to substitute a higher-order
variable with an open formula. See Quine's Elementary Logic, (Cambridge Massachusetts;
HUP, 1980) §§ 40-42,

“Note that the rule of universal instantiation appealed to here in order to replace the
propositional function variable by an open formula is not as ontologically innocent as it might at
first appear to be. In particular, it entails strong existence assumptions, among which are
principles of comprehension. See Quine, Set Theory and ils Logic, pp. 257-8.
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Vi 3yvx(y(x) -~ ¢(x)), where the variable ' §' ranges over propositional functions and the
variables 'x' and 'y' range over monadic propositional functions. Infer Iyvx(y(x) - —x(x)) by
universally instantiating ' [1]' with "[1]([1])". Instantiate 'y" Vx(y(x) ~ —x(x)). Instantiaie 'x",
y(y) = —y(y). Thus, nothing interesting is required to obtain the contradiction but a
comprehension principle, the well-formedness of ' —x(x)', and universal and existential
instantiation,

In §500 of Principles, Russell discusses yet another paradox which is similar to his
class and propositional function paradoxes but which focuses on propositions, Briefly,
consider that for any class M of propositions, there is a proposition which asserts that every
member of M is true, Call such a proposition a c-proposition ('c' for class). Now, some c-
propositions are members of the class of propositions which they assert to be true and others
are not. Call the former c-propositions sc-propositions ('s' for self) and the latter c-
propositions non-sc-propositions, Consider the class W of all and only non-sc-propositions.
There is a c-proposition p which asserts that every member of W is true. Query: peW?
Answer: peW iff pgW, Formalising this argument shows that the only interesting notions
which it employs are those of class, proposition, and truth, and that the only interesting
principles that it appeals to are unrestricted comprehension governing class existence and an
existence principle for propositions, *

In 1905, Koénig discovered a paradox that involves the notion of specifiability --
roughly speaking, something is specifiable iff there is a finite sequence of symbols that uniquely
picks it out, The argument to the paradox is simple: Since there can be only N, finite

sequences of symbols, there can be only R, ordinal numbers that are specifiable, However,

*Those who are familiar with the semantic paradoxes may jump ahead a few pages 1o the
discussion of Ramsey:.
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Finally, in 1907, Poincaré suggested that the ancient liar paradox -- the Epimenides
paradox -- ghould be considered among these others.* Its simplest argument is the following;
Consider the sentence "I am lying". Query: Ifit is uttered in an 'appropriate' contex, is it true
or false? Answer: Itis true iffit is false.

Although we have only seen informal arguments to the last five paradoxes, formal
analogues of these arguments can be given, albeit with some effort, These analogues show
that the most interesting principles that are appealed to by them are the principles that govern
the notions of specification, application and truth, Generally, these principles are either
disquotational in nature, or entail others that are,

Before moving on to subsection (b), I should note here that generally today, Burali-
Forti's paradox, Cantor's paradox, and Russell's class paradox are called set-theoretic
paradoxes because their arguments employ the notion of class and appeal to principles that
govem this notion; Kénig's paradox, Richard's paradox, Berry's paradox, and the liar paradox
are called semantic paradoxes because their arguments employ semantic notions like
specifiability, applicability, and truth and appeal to principles that govern these notions. Peano
first drew the distinction between these two groups of paradoxes in 1906,*” but Ramsey is the
one who is recognised for arguing for its importance, which he did in his 1923 "Foundations of
Mathematics".*® There, he writes:

[The set-theoretic paradoxes} involve only logical or mathematical terms such
as class and number, and show that there must be something wrong with

“8'_es mathématiques et la logique", Revue de Métaphysique et de Morale, 1906, 14, p.
306.

“Rivista di Mat, 8 (1906), p, 157,

S EFoundations of Mathematics" (henceforth, FM), in Foundations, (Atlantic Highlands, NJ:
Humanities Press,1978).
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there are certainly more than N, ordinal numbers and, since the class of all ordinal numbers is
well-ordered, there must be a least ordinal number P that is not specifiable. Now, note that the
description "the least ordinal number that is not specifiable” uniquely picks out . So, p is
specifiable.

In the same year, Richard discovered a paradox similar to Konig's. Briefly, consider
the class E of all decimals between 0 and 1 that are specifiable, E has at most N, many
elements and, thus, these must be listable, Pick some such list L. Now, specify a number N via
the Cantc- diagonal method: if x is the n" decimal in the list L and the numeral in its n*
decimal place is i, then if the number denoted by i is less than 5, the numeral in N's n* decimal
place is '7'; otherwise, itis ‘2", Clearly, N is different from every decimal in E, Since N is a
specifiable decimal between 0 and 1, however, N must be an element of E,

Berry discovered another paradox conceming specifiability which has the merit of
restricting its attention to whole numbers,*’ Informally, consider the class of all whole numbers
not specifiable in fewer than nineteen syllables. Since the number of nineteen-syllable
expressions formed from a finite alphabet is finite, this class must be non-empty, Moreover,
since the whole numbers are well-ordered, there must be a least member j of the class. In this
respect, "the least whole number not nameable in fewer than nineteen syllables" specifies or
names j, but this description has fewer than nincteen syllables,

In 1907, Grelling discovered a paradox that concems predicate application, He noted
that some predicates apply to themselves while others do not. The predicate "polysyllabic"
applies to itself whereas the predicate "monosyllabic" do not. Call a predicate that does not

apply to itself heterological. Query: Is "heterological" heterological? Answer: ItisifTit is not,

4"Russell reports this paradox in his 1906 "On 'Insolubilia' and their Solution in Symbolic
Logic" (henceforth, "On 'Insolubilia") in EA, p. 210,
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Ramsey in his FM. On the face of it, they do not clearly fall under either of the two groups that
Ramsey describes. I shall address this matter in subsection (b). For the moment, call these

naradoxes mixed paradoxes.

(b)  The Nature of the Solution
From the point that Russell first committed himself to finding a solution to the paradoxes, he

held two notable positions on the nature of such a solution,** First, the paradoxes *arise' from

*Russell's commitment to the aim of finding a solution to the paradoxes took some time to
develop, To begin with, neither Burali-Forti's nor Cantor's paradox spawned any serious
reaction in general. Because these were both results derived from principles belonging to
Cantor's recently developed transfinite class theory, they were considered to be inconsequential,
Indeed, some mathematicians who looked askance at Cantor's research actually welcomed the
paradoxes. In his MM, Russell mentions Cantor's paradox in passing. He writes something
curious indicating that, like most, he did not treat it seriously:

There is a greatest of all infinite numbers, which is the number of all things

altogether, of every sort and kind. It is obvious that there cannot be a greater

number than this, because, if everything has been taken, there is nothing left to

add, Cantor has a proof that there is no greatest number, and if this proof were

valid, the contradictions of infinity would reappear in sublimated form, But in

this one point, the master has been guilty of a very subtle fallacy, which I hope

to explain in some future work.[MM, p. 69]

Ironically, Russell discovered his class paradox while he was examining the proof of Cantor's
paradox, His initial reaction to this discovery was similar to his reaction to Cantor's paradox:

At first I thought there must be some trivial error in my reasoning, I inspected

each step under a logical microscope, but I could not discover anything

wrong,[MPD, p. 58.]

Soon, however, Russell and many others realised that
his paradox could not be as easily dismissed as Cantor's and Burali-Forti's paradox. They took
the class paradox to show that some of the received principles about the notions of class and
even predication were mistaken. Thus, Frege eventually gave up his logicist project altogether.
Dedekind temporarily stopped the publication of his celebrated "Was Sind und Was Sollen die
Zahlen?" because of its uncritical appeal to the nction of class, Several mathematicians who
had begun to accept class theory as a legitimate mathematical discipline and, in fact, had begun
to contribute to it now rejected it -- Poincaré was among these.

In his 1903 Principles, Russell manifested a disquietude over his paradox as well as a
sense of commitment to finding its solution. Although no definite solution is offered in the
book, much of it is devoted to discussing the paradox and its possible solution. It is noteworthy
that the book ends with the following exhortation:

What a complete solution of the difficulty may be, I have not succeeded in
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our logic or mathematics. ... [The semantic paradoxes] are not purely logical,

and cannot be stated in logical terms alone; for they all contain some reference

to thought, language, or symbolism, which are not formal but empirical terms,

So they may be due not to faulty logic or mathematics, but to faulty ideas

concerning thought and language.[FM, pp. 171-2]

According to Ramsey, therefore, whereas the set-theoretic paradoxes are solved by correcting
our logic, the semantic paradoxes are solved by changing the empirical assumptions ('ideas') --
presumably belonging to an empirical theory which treats of the semantic notions -- that give
rise to them.

As is well-known, Ramsey's purpose in FM is to criticise Russell's solution to the
paradoxes, viz., his ramified theory of types. Towards this end, Ramsey complained that
Russell did not respect the import that he attributed to Peano's distinction. As a result of
Ramsey's remarks, many have thought that Russell failed even to recognise the distinction.
However, Russell certainly did recognise it and he vividly illustrates such recognition in his "On
'Insolubilia™, aiter discussing a tentative solution -- his *Substitutional Theory' -- to the set-
theoretic paradoxes.” There, Russell writes:

The above doctrine solves, so far as I can discover, all the paradoxes

concerning classes and relations; but in order to solve the Epimenides we seem

to need a similar doctrine as regards propositions.["On 'Insolubilia™, p. 204.]
According to Russell, therefore, some of the paradoxes crucially employ the notions of class
and relation and others employ the notions of proposition and propositional function. Contrary
to Ramsey, however, Russell does not take this consideration to be relevant to the paradoxes'
solution for -- as we shall see in subsection (b) -- he has several good reasons for not doing so.

I have not yet said anything about how Russ :ll's propositional function paradox and his

proposition paradox are to be classified among the other paradoxes mentioned above, nor does

SICf. Warren Goldfarb's "Russell's Reasons for Ramification", p. 28.
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'logic' and, thus, their solution must consist in logic's reform. Secondly, all of the paradoxes
arise from the same error -- for some notion of sameness of error -- and, so, their solution must
be unitary. We shall look at why Russell held these two positions in what follows.

To begin with, the first position should be put more precisely. It may be read as saying
that, for each of the modem paradoxes, there is some definite mischaracterisation of the logical
system such that the argument to the paradox in question crucially appeals to it in some way,*
Such a mischaracterisation of the logical system must consist in a mischaracterisation of at least
one of the system's elements -- that is, its rules of formation, axioms. rules of inference, etc,,
The solution to each paradox, therefore, must in turn consist in discovering which of these
elements is (are) mischaracterised and how it (they) is (are) to be characterised correctly.

I shall explain why Russell holds this position in terms of the three groups of paradoxes
described in subsection (a), Thus, I shall first explain why he takes the set-theoretic paradoxes
to arise from logic, then I shall turn to consider the semantic paradoxes, and then, finally, the
mixed paradoxes.

Consider the set-theoretic paradoxes; Burali-Forti's, Cantor's, and Russell's class
paradox. Recall that these paradoxes all employ the notion of class and that their arguments all
appeal to principles governing the existence of classes, For this very reason, most
contemporary (post-Quinean) philosophers, contrary to Russell, deny that the set-theoretic

paradoxes arise from logic. According to these philosophers, the notion of class is not a logical

discovering; but as it affects the very foundations of reasoning, I eamestly
commend the study of it to the attention of all students of logic.[Principles,
§500.]

*Each paradox is here construed as the relevant contradictory proposition that is the
conclusion of its argument. Thus, Russell's class paradox is the proposition
that the class of all non-self-membered classes both is and is not a member of itself,
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notion in the sense that there do not exist logical particles in terms of which the notion may be
expressed. Rather, the notion of class is a special mathematical notion peculiar to that domain
of discourse treated by set theory, in the way that the physical notion of momentum is peculiar
to that domain of discourse treated by mechanics.** In this respect, according to these
contemporary philosophers, the salient principles that govern the notion of class are not
principles of logic -- that is, roughly speaking, they are not logically valid truths essentially
involving the notion of class. Rather, they are merely deductively powerful, general truths
about cl~sses. As such, from the understanding that some of these sa'i~nt principles -- such as
the principle of unrestricted comprehension -- are appealed to in an essential way by the
arguments to the set-theoretic paradoxes and that the other principles which are appealed to by
these arguments are uncontroversial, these contemporary philosophers conciude that the set-
theoretic paradoxes arise from the relevant, salient, non-logical principles about classes and,
thus, take their solution to consist in the rejection of one or more of such principles,
Accordingly, they never take the set-theoretic paradoxes to bring logic itself into question,*

By contrast, Russell explicitly takes the set-theoretic paradoxes to arise from logic -- or,
rather, from its mischaracterisation. Unlike the contemporary philosophers alluded above,
Russell early on considered the notion of class to be a logical notion in the sense that there exist

logical particles in terms of which the notion may be expressed.®® For instance, in Principles,

$*The notion of class, as such, lacks the quality of so-called topic-neutrality characteristic of
logical notions,

3]t should be noted that some contemporary philosophers, most notably Quine, subscribe to
some form of holism and, thus, claim that there is no fact of the matter about which principles,
logical or non-logical, are responsible for the set-theoretic paradoxes.

s Although Russell early on treats the notion of class as a logical notion in this sense, he is
not cempletely comfortable with the notion. As we shall see when we look at Principles, he
perceives several difficulties with the notion many of which have nothing to do with the
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Russell writes that the notion of class may be expressed in terms of the logical constant * €' --
for example, if 3x(x€y), then y is a class -- as well as in terms of the logical constant 'such
that' and a variable that ranges over propositional functions.”” With respect to the latter case, he
writes;

The values of x which render a propositional function true ¢x true are like the

roots of an equation -- indeed the latter are a particular case of the former --

and we may consider all the values of x which are such that ¢x is true, In

general, these values form a class, and in fact a class may be defined as all the

terms satisfying some propositional function.

[Principles, §23.]

In this respect, according to Russell, the salient principles that govemn the notion of
class -- more precisely, the salient principles that govern the logical particles in terms of which
the notion of class may be expressed -- must be either axioms or theorems of the formal
calculus in the way that, for instance, the salient principles that govern the truth-functional
connectives are either axioms or theorems of the calculus, If this were not the case, the
calculus would not be able to determine whether or not arguments which crucially employ the
notion of class are logically valid. In Principles, Russell treats two such salient principles as
axioms:; these two are (equivalent to) the standard principles of comprehension and
extensionality.**

In this light, it should be apparent why Russell takes the set-theoretic paradoxes to a

arise from a mischaracterisation of the logical system. First, consider his class paradox, The

paradoxes. As a result, Russell later dispenses with the notion of class altogether,

SRussell considers the constants * €' and "such that' and the propositional variables to be
logical particles, briefly, because these particles are required for the logical system to have both
an adequate formal language and an adequate formal calculus in the senses described above in
section 1, Cf. §§12 and 13 of Principles.

#See §§23 and 24,
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formalisation of the argument to this paradox shows that only four interesting items are
required. 10 repeat, they are the comprehension principle, the well-formedness of "x¢x',
universal instantiation, and existential instantiation, The comprehension principle is an axiom
of the formal calculus. The well-formedness of 'xé&x' relies upon the primitive particles ', " €',
and 'x', and the rules of formation. Universal and existential instantiation are two of the
calculus's rules of inference. Thus, nothing of interest but items belonging to elements of the
logical system are needed for the paradox, To solve Russell's class paradox, therefore, one
must discover which elements are mischaracterised and how these should be characterised
correctly. Secondly, consider :he paradoxes of Burali-Forti and Cantor, The formalisations of
the arguments 1o these paradoxes show that they also require these four items. To the extent
that one or more of these items is mischaracterised and must be recharacterised in order to
solve Russell's class paradox, such mischaracterisation may be taken to be responsible for these
other paradoxes as well and the concomitant recharacterisation may be taken, likewise, to solve
them. In this respect, the fact that they are concemned with transfinite ordinal and cardinal
numbers is not as relevant to why they occur as generally had first been thought,

We now look at the semantic paradoxes; Konig's, Richard's, Berry's, Grelling's, and the
Epimenides paradox. Recall that these paradoxes employ semantic notions like specifiability,
applicability, and truth, and that their arguments appeal to special principles that govern these
notions, For this very reason, contrary to Russell, Ramsey -- and others sympathetic to his
analysis -- denies that the semantic paradoxes arise from a mischaracterisation of the logical
system. As we saw earlier, according to Ramsey, ui :se semantic notions are not logical notions
but, rather, are theoretical notions that belong to some empirical theory of semantics, In this
respect, according to Ramsey, the salient principles that govem the semantic notions are not

principles of logic but, rather, are central principles of such a theory, As such, from the



43
understanding that some of these salient principles are appealed to in an essential way by the
arguments to the semantic paradoxes and that the other principles which are appealed to by
these arguments are uncontroversial, Ramsey concludes that the cemantic paradoxes arise, not
from a mischaracterisation of the logical system, but from the relevant, salient, non-logical,
semantic principles. As such, he takes their solution to consist, roughly speaking, in the
rejection of one or more of such principles,

By contrast, Russell explicitly takes the semantic paradoxes to arise from a
mischaracterisation of the logical system, There are three reasons for his doing so, The first
reason is that, by his lights, the lngical system itself contains substantive semantic principles and
these play a crucial role in the arguments to the semantic paradoxes. Note that this first reason
is not meant to be conclusive, but is only meant to jog the presupposition that logic must be
innocent in this matter. The reason follows from Russell's conception of the logical system as
discussed in section 1 above. Recall that, according to this conception, propositions and
propositional functions are essentially semantic items in the sense that they are what various
expressions of the formal language mean, Recall also that the logical system contains axioms,
rules of inference, and rules.  ormation which crucially govern how such semantic it. ms are
to behave. It follows from this that Russell takes the arguments to the semantic paradoxes
crucially to appeal to semantic principles of two kinds; principles that govern the semantic
notions of proposition and propositional function and principles that govern the semantic
notions of specifiability, applicability, and truth, Thus, the argument to the Epimenides
paradox appeals to principles about the notions of proposition and truth: the argument to
Grelling's paradox appeals to principles about the notions of propositional function and
applicability; and the arguments to the paradoxes of Konig, Richard, and Berry appeal to

principles about the notions of propositional function and specifiability.
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The second reason that Russell has for taking the semantic paradoxes to arise from a
mischaracterisation of the logical system is, roughly speaking, that Ramsey's own solutions to
the semantic paradoxes are problematic. Before we look at why such solutions are indeed
problematic, [ should briefly review what Ramsey's specific solutions are,

In FM, Ramsey writes the following passage about Kénig's, Richard's, and Berry's
paradox.* The passage presents his diagnosis of why these paradoxes arise and his solutions to
them.

All of these result from the obvious ambiguity of ‘naming' a~* 'defining'. The

name or definition is in each case a functional symbol which 1s only a name or

definition by meaning something. The sense in which it means must be made

precise by fixing its order, the name or definition involving all such names or

definitions will be of a higher order, and this removes the contradiction,[FM, p.

199,)

What Ramsey calls naming and defining I have been calling specifying, following Quine.*
Roughly speaking, Ramsey here diagnoses that the paradoxes of Kénig, Richard, and Berry
arise from the presumption that there is a unitary semantic relation of specification and
corresponding principles that govern this relation when, actually, there are an infinite number of
such relations -- which may in a specific sense be seen to form a hierarchy -- as well as
corresponding principles that govern these. By his lights, therefore, the arguments to these
three paradoxes each turn on an equivocation between different specification relations and the
solution to any of these musi consist in making the relevant equivocation apparent,

This gloss on the above cited passage must be put more precisely, To begin with,

consider what it is to say on a given occasion that x specifies y. Ramsey understandably takes it

* Although the following discussion focuses on these particular paradoxes, what is said
applies mutatis mutandis to the other semantic paradoxes as well,

®See Quine, Set Theory and its Logic, p. 242,
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to say that there is some description x constructed out of particles belonging 1o some fixed
vocabulary E such that y uniquely satisfies x. In this respect, the expression "x specifies y' is
ambiguous and may be taken to mean on a given occasion one specification relation rather than
another, depending on which fixed vocabulary E is presupposed on that occasion. Ramsey
concludes from this consideration that, for any fixed vocabulary E,, there exists an entire
hierarchy of specification relations that is generated from E,. This hierarchy is described as
follows. At level (order) 0, there is the specification relation S, such that xSyy iff x is a
description constructed exclusively out of particles bzlonging to the vocabulary E, and y
uniquely satisfies x. At level 1, there is the specification relation S, such that xS,y iff x is an
expression constructed exclusively out of particles belonging to E, = EJu{S,} and y uniquely
satisfies x. Thus, E]cE, and §}cS,. In this regard, an w-ordered sequence of specification
relations obtains such that, for all natural numbers i, j such that i<}, if E|<E; and xSy, then xS}y.
Thus, E]JcE]JcElc ..., and §]c8)c8]c .., .®' In addition to this hierarchy of specification
relations -- although Ramsey does not explicitly say so -- there must be principles that govern
such relations (these will presumably belong to his alleged, empirical theory of semantics),
Some of the principles will be disquotational in nature, having the form: Vy([F(y) A
Vvz(F(z)-z=y)] - cS;y), where F is a some open formula, c is a Gédel number of F, and S; is a
specification relation appropriate to the vocabulary involved in F,

It may be helpful at this point to illustrate how Ramsey exploits such a hierarchy to
block a given semantic paradox. Consider Konig's paradox. Recall its argument; Since there
can be only N, finite sequences of symbols, there can be only X, ordinal numbers which are

specifiable in terms of some fixed vocabulary E,. However, there are certainly more than X,

'Here the relations S; may be construed as sets of ordered-pairs.
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ordinal numbers and, since the class of ordinal numbers is well ordered, there must be a least
ordinal number P that is not specifiable. Hence, B is both not specifiable and specifiable,
Now, mimicking this reasoning, Ramsey would say that given some E,, there will be an entire
hierarchy of specification relations S; generated from E, such that, for any i, there will be a least
ordinal number P that is not specifiable;, where the notion of specifiability; is defined in the
obvious way in terms of S; and E;, However, in virtue of the nature of the hierarchy, p will be
specifiable,,,, but since the notions of specifiability; and specifiability,,, are different, no
contradiction actually results.

Let us now tum to consider why Ramsey's solutions to the semantic paradoxes are
problematic. The reason is simple and is given by Goldfarb in his "Russell's Reasons for
Ramification" (henceforth, RRR):

Now Russell, I think, would ask why there is no relation that sums up (is the

union of) the different [specification] relations that Ramsey postulates, (Such a

union would reintroduce the paradox,)[RRR, p. 29.]

What Goldfarb in effect claims is that union operations render Ramsey's solutions ineffective by
reintroducing contradiction. The argument for this claim may not be entirely apparent upon
initial reflection and, so, in order to make good Russell's second reason, I shall try to spell it
out, In this effort, I shall focus without loss of generality on Kénig's paradox.

To begin with, Goldfarb's talk of the union of the specification relations presumes that
there is a function that enumerates these relations. This presumption, however, is consonant
with Ramsey's own discussion; thus, we may use the expression ‘Spec' to designate this
function.®* In this regard, let S = uSpec(i), where i€ w, so that xSy iff 3i(xSpec(i)y). Now,

since the domain of § is countably infinite and the ordinal numbers are not, 3pVx—~(xSp).

52Gince the 'i' in 'S, above may be taken to be a schematic letter rather than a free variable,
the use of 'S;' above does not presume any function that enumerates the specification relations,



47
Since the ordinal numbers are well-ordered, there is a least such p -- call it 8,, Thus,
{vx—~(xSB,) A Vy[vx~(xSy)-v2B,]} and for every ordinal number other than f,, this
statement is provably false. Hence, "[Vx—(xSy) A Vy(¥x—~(xSy)-y 2y)]" (ii) is provably true
only of §,. By disquotational principles, cSB,, where 'c'is the Godel number of the open
formula (ii). So, Ix(xSP,). But Vx~(xSP,). Contradiction. Note that, so long as the required
disquotational principles are available, this argument can be easily formalised.

The argument for Goldfarb's claim that union operations reintroduce contradiction
might appear to make two moves that are open to Ramsey to challenge: the specification of S
by an unrestricted union operation on the hierarchy of specification relations and the appeal to
disquotational principles in order to infer cSB,. With respect to the union operation, Ramsey
could claim that, in the unrestricted form required to specify S, the operation is illegitimate and
that, once properly restricted, it is unable to spec:fy S. However, it is unclear how Ramsey
could justify any such restriction. Since he does not take the semantic paradoxes to arise from
a mischaracterisation of the logical system, he cannot appeal to type considerations to justify the
restriction, The only other way of restricting the union operation is by restricting the axioms
that govern it, but this method is conspicuously ad hoc and the result is inconsonant with the
concepiion of the operation which the axioms are expected to embody. With respect to the
appeal to the disquotational principles, Ramsey could claim that, although for every i,
disquotational principles governing S, -- where 'S;' is a name and not a function expression --
must be available as part of an adequate semantic theory about specification, none of these
principles need treat the function sign 'Spec' -- recall that *Spec(i)' designates the same
specification relation as 'S;". Thus, none of these principles need treat the term 'S’ defined in
terms of 'Spec'. Hence, no disquotational principle need be available to guarantee the required

inference to cSB,. However, to the extent that Ramsey must admit the relation S, which 'sums
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up' all the specification relations occurring in the hierarchy, the refusal to admit a semantic
principle that governs S, gua semantic relation, would also appear conspicuously ad hoc.
In this light, Ramsey's challenges, at least in the form: given hei, v.ould be unsuccessful,

At this point, one may conclude that, to the extent that the above argument to the claim
that union operations reintroduce contradiction is correct, Ramsey's solution to Koénig's paradox
is problematic. One may conclude, further, that, to the extent that Ramsey's solution to this
paradox is typical of his solutions to all the other semantic paradoxes, his solutions to these are,
likewise, problematic. Thus, to that extent, Russell has reason for taking the semantic
paradoxes to a arise from a mischaracterisation of the logical system,

Before we look at Russell's third reason, I should address one question that one may
now be prompted to ask. One might think that, even if Ramsey's solutions to the semantic
paradoxes are problematic, surely the modem solutions are not and surely they do not suppose
that these paradoxes arise from a mischaracterisation of the logical system, If this is so, does it
not undermine Russell's second reason as it has here been explained? There are two points to
make in response to this question, First, we have been looking at Russell's reasons for taking
the semantic paradoxes to arise from a mischaracterisation of the logical system in the light of
his conception of logic as discussed in section 1. Thus, insofar as Ramsey's conception of logic
is comparable to Russell's in the way that the modem one is not, the consideration of the
modem solutions to the semantic paradoxes does not in fact affect Russell's second reason in
the way suggested. Secondly, if one examines closely the modem solutions to the semantic
paradoxes, one finds that they in general divide into two separate kinds: the first kind is
exemplified by the celebrated solution that Tarski put forward in his "Wahrheitsbegriff" and

appeals to the objectlanguage/metalanguage distinction described in this paper;***' the second
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kind is exemplified by Russell's own solution, his ramified theory of types, and appeals to some
notion of ramification that is accomplished by restricting the quantifier rules -- note that, qua
niodemn solution, the ramified theory of types need not rely upon Russell's particular conception
of logic, Consider the first kind of modem solution. Curiously, although the
objectlanguage/metalanguage distinction characteristic of this kind may be thought to be
foreshadowed in Ramsey's hierarchy of specification relations, the way that it is standardly
implemented by solutions of this kind is by means of a type-theoretic hierarchy as discussed in
"Wabhrheitsbegriff" and Godel's "On Formally Undecidable Propositions of Principia
Mathematica and Related Systems [" (1931).% Such an implementation is required because, in
order to define formally any of the semantic notions of specification, satisfaction, or truth for a
particular language L, one must be able to quantify over (the equivalent of) binary relations
between Godel numbers of the formulae of L; and (finite) sequences of the individuals,
properties, and relations which are quantified over by the variables of L, Higher-order
quantification, therefore, is needed. In this respect, modem solutions of the first kind actually
appeal to resources that Russell would take to belong to logic and, accordingly, the
consideration of them, rather than undermining Russell's second reason, in fact supports it,
Now consider the second kind of modemn solution, Church has recently defended this kind as a
viable and attractive alternative to the first kind by pointing out the advantages that Russell's

solution has over Tarski's "Wahrheitsbegriff" solution.®® According to Church, one of these

®See "The Concept of Truth in Formalized Languages" in Logic, Semantics, and
Metamathematics, (Indianapolis; Hackett, 1983),

%This distinction is to be found, if not explicitly, earlier in Hilbert's work.

%See "On Formally Undecidable Propositions of Principia Mathematica and Related
Systems I" (1931) in van Heijenoort, pp, 596-601. Note that the modern solutions to the
semantic paradoxes also use 'coding' techniques that Godel introduced in this paper,
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advantages is that Russell's solution is more systematic than Tarski's in the sense that Tarski's
solution requires assumptions that are overtly ad hoc in a way that those required by Russell's
solution are not, Whether or not this is so, it is already clear that the consideration of Russell's
solution and the kind of modemn solution that it exemplifies, again rather than undermining his
second reason, can only support it.

The third reason that Russell has for taking the semantic paradoxes to arise from a
mischaracterisation of the logical system is, roughly speaking, that, although the arguments to
the semantic paradoxes so far discussed all employ semantic notions like specifiability,
applicability, and truth and appeal to special principles that govern such notions, it may be
possible to generate other semantic paradoxes without having to rely explicitly on such notions
and principles. That is, it may be possible to generate other semantic paradoxes from just the
resources of the logical system itself.*” Recall that, according to Russell, the logical system has
variables that range over propositions and propositional functions, As such, the system by itself
already has the resources to express, to a certain extent, semantic notions, For instance, if p, is
a proposition and ¢ is a propositional function that applies to p, and to nothing else, then the
statement that p, is true can be expressed by the formula "3p(y(p) A p)". Likewise, the
statement that p, is false can be expressed by the formula "3p(y(p) A —p)". Such expression is
acceptable to Russell because he takes it that the variables that range over propositions can be

used to refer to propositions as well as to express them.®® In this respect, since the logical

%See Alonzo Church's "Comparison of Russell's Resolution of the Semantical Antinomies
with that of Tarski" in Journal of Symbolic Logic 41 (1976) pp. 747-60. It should be noted
that Church's defence is addressed to, among others, Quine who claimed that Russell's addition
of his axiom of reducibility to the ramified theory of types revoked whatever security from
contradiction the theory's ramification obtained, See Quine's Set Theory and its Logic, §35.

By 'the logical system' here, I mean the system as it is characterised before Russell
provides his solution to the paradoxes (the system implicit in Principles).
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system by itself can, to a certain extent, express semantic notions such as truth and falsehood,
perhaps one could generate semantic paradoxes from just the resources of the logical system, in
a way that is analogous to the way that one generates them by explicitly employing the semantic
notions and appealing to their special principles, If that is the case, such paradoxes would
clearly have to be taken to arise from a mischaracterisation of the logical system, (Note that
since Ramsey's proposed solutions to the semantic paradoxes do not focus at all on the
characterisation of the logical system, they would be impotent in this particular situation,)

™ his RRR, Goldfarb suggests one way that one could perhapc aenerate a version of
the Epimenides paradox by appealing to just the logical system's resources: Consider the
formula "vp(g(p) -~ —p)" (iii).*® It may be taken to express the proposition that any proposition
that satisfies the propositional function y is false. Now, suppose that  is such that it is
satisfied by and only by the proposition expressed by (iii). Let the proposition expressed by (iii)
be q. Then, trivially, q ~ Vp(¢(p) - —p). By universal instantiation, Vp(y(p) -~ —p) ~ (¥(q) -~
—q). Since q uniquely satisfies y, (yq -~ —q) - —q. Hence, by transitivity, q-—q. However,
since q is the proposition expressed by (iii), ~q - 3p(¥(p) A p). Since q uniquely satisfies s,
Ip(¥(p) A p) = (P(q) A q). Hence, by transitivity again, —q~q. Contradiction.

Goldfarb suggests that the crucial supposition that there is a ¢ such that it is satisfied by
q and only q is very weak. This suggestion, in fact, is confirmed by the following interesting
circumstance; When Russell develops his 'substitutional theory' in 1905 and 1906, he

introduces apparatus to the logical system that allows one to carry out Gédelian diagonalisation,

®*Russell's view of propositional variables, in tumn, relies on his further view that
propositions are both, gua ordered complexes of terms, objects on a par with all other objects
in the realm of being as well as the objects of judgement, This further view involves certain
difficulties of interpretation, which we shall see in Chapter 2,

®Cf. p. 29,
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By means of this diagonalisation, one can define (the equivalent of) such a y. In this respect,
to the extent that it is legitimate to introduce such apparatus to the logical system, it is possible
to generate this semantic paradox without explicit reliance on the semantic notions and their
special principles. To that extent, these latter are not essential to the paradox and, therefore,
solutions of Ramsey's kind are misdirected. Accordingly, Russell has reason to take the
semantic paradoxes in general to arise from a mischaracterisation of the logical system,™

I now consider the mixed paradoxes: Russell's propositional function paradox and his
proposition paradox. Before we look at why Russell takes these paradoxes to arise from a
mischaracterisation of the logical system, I should first comment about why they do not prima
facie fall under either of the two groups of paradoxes already discussed, Consider the
propositional function paradox first. On the one hand, the argument to this paradox faultlessly
mimics the argument to Russell's class paradox in the sense that the former argument can be
easily obtained from the latter one, first, by replacing the latter argument's expressions for
classes by expressions for monadic propositional functions and its expressions for membership
by the notation for satisfaction and, then, by replacing the comprehension principle governing
classes by one goveming propositional functions. In addition, the propositional function
paradox does not explicitly employ any of the semantic notions of specification, application, or
truth. For these two reasons, one should feel reluctant to classify this paradox as a semantic
paradox as opposed to a set-theoretic one. On the other hand, the argument to the
propositional function paradox does not mention classes but instead mentions propositional

functions, Recall that these are the semantic items meant by predicates and, more generally,

Russell's own final solution, the vicious-circle principle and its attendant ramified theory of
types, is such as to prevent the above argument from arriving at contradiction, According to
this solution, q cannot fall within the scope of the variable p and, so, cannot satisfy the
propositional function .
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open formulae. For this reason, one should feel reluctant to classify the paradox as a set-
theoretic paradox as opposed to a semantic one, Next, consider Russell's proposition paradox,
Recall that its argument mentions classes and appeals to a comprehension principle governing
classes, To the extent that Burali-Forti's, Cantor's, and Russell's class paradox are classified as
set-theoretic, in this regard, this paradox should be also. However, the argument to the
proposition paradox also mentions propositions and the semantic notion of truth, and it appeals
to an existence principle for propositions, To the extent that the Epimenides paradox is
classified as semantic, in this regard, so should this paradox be. In this light, Russell's
propositional function paradc.. and his proposition paradox strongly suggest that the two
groups of paradoxes distinguished by Ramsey are neither mutually exclusive nor pair-wise
exhaustive, They also further suggest that (from Russell's point of view) the distinction is not
relevant to the paradoxes' solution,

We now turn to the question why Russell takes the propositional function paradox and
proposition paradox to arise from a mischaracterisation of the logical system, From what we
saw above conceming the set-theoretic and semantic paradoxes, the answer should already be
clear, The formalisation of the argument to the propositional function paradox shows that only
four interesting items are required; the comprehension principle for propositional functions, the
well-formedness of x(x), universal instantiation, and existential instantiation, By Russell's
light's, each of these items belongs to an element of the logical system and, thus, the paradox
must arise from a mischaracterisation of at least one of these elements, Similarly, the
formalisation of the argument to the proposition par.dox shows that only the comprehension
principle for class -, an existence principle for propositions, and trivial rules of inference are
required. Since each of these items, by Russell's lights, belongs to an element of the logical

system, this paradox must, likewise, arise from a mischaracterisation of at least one of these,
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At this point, before we move on to consider Russell's second position on the nature of
the paradoxes' solution, I should summarise what we have seen with respect to his first
nosition. To repeat, the position is, roughly speaking, that all the modem paradoxes arise from
logic. Russell's justification for this position may be put in terms of the three groups of
paradoxes described in subsection (a). Briefly, he takes the set-theoretic paradoxes to arise
from logic because he takes the notion of class to be a logical notion -- at least early on -- and
because he takes the salient principles govemning this notion to be logical principles. He has
three reasons for taking the semantic paradoxes to arise from logic: logic contains substantive
semantic principles, Ramsey's own solutions to the semantic paradoxes are problematic; and it
may be possible to generate semantic paradoxes from just the resources of logic itself. Finally,
Russell takes the mixed paradoxes to arise from logic for reasons similar to those conceming
the set-theoretic and semantic paradoxes,

We now consider why Russell held the second position on the nature of the paradoxes'
solution, To repeat, the position is that all the paradoxes arise from the same error -- for some
appropriate notion of sameness of error -- und, so, their solution must be unitary, Russell has
three interrelated reasons for holding the position, They are outlined in his "On Some
Difficulties in the Theory of Transfinite Numbers and Order Types" (1905) (henceforth, "On
Some Difficulties"), and are also discussed in later writing,”

The first reason for holding the second position is that, according to Russell, all of the
arguments to the paradoxes have a particularly easily specifiable general form. He describes

this form as follows:

""On Some Difficulties in the Theory of Transfinite Numbers and Order Types" in EA, pp.
135-164, In this paper, Russell examines why the set-theoretic paradoxes arise and offers
possible solutions to them. At this point, the semantic paradoxes had not yet entered the
discussion,
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(iv)  Given a property ¢ and a function f, such that,if ¢ belongs to all the members of

u, £ u always exists, has the property ¢, and is not a member of «; then the

supposition that there is a class w of all terms having the property ¢ and that

f w exists leads to the conclusion that [ w both has and has not the property

¢.["On Some Difficulties", p. 142,]
It is clear that if there is such a property ¢, function f, and class w, contradiction quickly
follows: Since every member of w satisfies ¢, £ w exists and satisfies ¢. Conversely, since f'w
is not a member of w and w consists of all the items satisfying ¢, £ w does not satisfy ¢. Itis
also clear that the arguments to Burali-Forti's, Cantor's, and Russell's class paradox have the
general form (iv) that Russell describes. In the case of the argument 10 Burali-Forti's paradox,
AX ¢x is instantiated by Ax(x is an ordinal number), and Au.fu is instantiated by A u(the ordinal
number of u). In the case of the argument to Cantor's paradox, Ax ¢x is instantiated by
Ax(x=x), and Au.fu is instantiated by Au Ou, the power-class function. In the case of the
argument to Russell's class paradox, Ax.¢x is instantiated by Ax(x¢x), and Au.fu is instantiated
by Au.u, the identity function. However, it is not clear how any of the arguments to the
semantic paradoxes instances the general form (iv). Although Russell does not explicitly
consider these in "On Some Difficulties", when in later writings he does, he appears to take
them to instance (iv) without explaining how.” By appealing to an interesting formalisation of
semantics, perhaps it may be possible to show that the arguments to the semantic paradoxes,
suitably represented, do indeed instance (iv).

The second reason for holding that all of the paradoxes arise from the same error is that

there is a recipe for generating an endless number of paradoxes, all of which instance the

general form (iv).”™™ The recipe starts by specifying via transfinite recursion from a function f

?See "On Insolubilia", pp. 198-200; MPD, pp. 58-9,

"See "On Some Difficulties", pp. 142-3.
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and a base point ¢ a certain sequence that is isomorphic to On, Then, assuming that f satisfies
certain conditions which many functions in fact do, the recipe deduces a contradiction, The
recipe is sketched below;

¢)) Pick a function f that is defined on all classes, and pick a class c.

(2) By definition via transfinite recursion from f and c, specify a well-ordered sequence as
follows:

base; c is the first term.

successor; £ ¢ is the second term, For all other terms z of the sequence, the successor of z
is f' w, where w is the class of all terms in the sequence up to and including z,

limit; If u is an initial segment of the sequence (Vxeuvy(if y occurs in the sequence
before x, then yeu) with no greatest member, then the "next' term of the
sequence that occurs after all of the members of uis fu.

(3) Call the relation that orders the sequence specified in (2) R, By taking the ancestral of
R, specify the property of being a member of the sequence,

4) Assume that f satisfies the cond tion (*) that if u is a class of members of the sequence,
f u is a member of the sequence that is not a member of u, Then, if w is the class of all
members of the sequence, it follows that f w both is a member and is not a member of the
sequence. Contradiction.

It should be clear that this recipe appeals 0 two substantive assumptions in order to
generate the contradiction, both of which occur in (4): the assumption that f satisfies the
condition (*) and the assumption of unrestricted comprehension needed to guarantee the
existence of w, The first assumption need not be questioned, however, because there are
various functions that one could take to be f which satisfy (*). Russell mentions two, along

with corresponding base terms, One function, with its base term, generates the Burali-Forti

contradiction; let Au.fu be Au(tl.e ordinal of the class u) and let ¢ be e, the empty set. Such an

™Note that this is not to say that the recipe generates all the paradoxes or even all the
modern paradoxes discussed above. For instance, it does not generate Russell's class paradox,
although -- as we shall see shortly -- it does generate a contradiction related to it.
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f and ¢ produce the sequence On of all ordinal numbers and, thus, f OneOn and £ Ong¢On. The
other function, with its base term, generates a contradiction related to Russell's class paradox:
let Au.fu be Au.u, the identity function, and let ¢ be any well-founded class. Such an fand ¢
produce a sequence S of terms, none of which is a member of itself, such that f S€S and fSeS.
It is noteworthy that if ¢ is @, the sequence S consists of the von Neumann ordinals; as such,
Russell anticipates this important sequence long before von Neumann describes it (1923).

Russell takes the recipe to be able to generate an infinite number of contradictions,
although he never describes an effective procedure for obtaining the required number of f's and
c's. Of course, there are trivial procedures for doing so: for instance, pick c to be successive
members of the von Neumann sequence of ordinals, Such trivial procedures, however, only
yield trivial variation between the contradictions that are generated by the recipe. One may
perhaps object that they do not yield enough variation for Russell to take the existence of the
recipe to be a good reason for holding the second position. In light of the limitative results of
Godel and Church, one may perhaps object further that it is doubtful whether effective
procedures that are in this sense non-trivial exist. Even if these objections are correct, one may
still say that the recipe has at least this merit: it may naturally be viewed as describing
prototypically the kinds of important processes referred to by the third reason for holding the
second position -- a reason that does not suffer this apparent difficulty,

This third reason for holding that the paradoxes all arise from the same error is the
following;

... the contradictions result from the fact that, according to current logical

assumptions, there are what we may call self-reproductive processes and
classes. That is, there are some properties such that, given any class of terms

Syon Neumann, Zur Einfiihrung der transfiniten Zahlen. Acta Sci. Math. (Szeged) /, 199-
208,
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all having such a property, we can always define a new term also having the

property in question. Hence we can never collect all the terms having the said

property into a whole; because, whenever we hope we have them all, the

collection which we have immediately proceeds to generate a new term also

having the said property.["On Some Difficulties", p.144.]

According to Russell, therefore, some mischaracterisation of logic gives rise to self-
reproductive processes of the kind that he describes, which in tum give rise to the paradoxes,
These processes are self-reproductive in the sense that they are iterative and, thus, can be
thought of as realised in a sequence of 'stages.' For any one of these processes, at any given
stage, "given [a] class of terms all having [the] property [associated with the process], we can
always define a new term also Laving the property in question," The definition of this new term
takes us to the next stage.

There are two points to note about these self-reproductive processes. First, in light of
this consideration of stages, the description of them cited above is similar to the description of
the recipe, although the former emphasises an aspect of circularity that the latter does not. In
this respect, the two sequences specified in the above discussion of the recipe may be viewed as
paradigms of such processes. Secondly, although Russell in "On Some Difficulties" intends to
appeal to these processes specifically in order to characterise how the set-theoretic paradoxes
arise, they clearly may be appealed to to characterise how all of the paradoxes arise, Indeed,
Russell does exactly this later in "On 'Insolubilia™, ML, and Principia itself, In these works,
however, the appeal to self-reproductive processes is spelled out more precisely as his vicious-
circle analysis, In this respect, Russell's third reason for holding that the paradoxes all arise
from the same error -- viz,, that their arguments ali uppeal to self-reproductive processes of a
certain sort -- is one that deserves considerable respect and attention. Since Russell's initial

investigations into the matter, it indeed has received this.

Before moving on the next chapter, I should summarise what we have just seen with



59
respect to his second position on the nature of the paradoxes' solution, To repeat, the position
is, roughly speaking, that all the modern paradoxes arise from the same error, Russell has three
reasons for holding this position, The first reason is that, according to Russell, the paradoxes
all instance an easily specifiable general form. We saw, however, that it is not entirely clear
whether or not the semantic paradoxes do in fact instance this form, His second reason is thét
there is a recipe for generating an infinite number of paradoxes. We saw here that it is doubtful
whether the paradoxes which this recipe generates vary enough in character for the existence of
the recipe to count as a good reason. Finally, the third reason is that all the arguments to the
paradoxes appeal to certain 'self-rzproductive processes.' The appeal to such processes later
becomes spelled out as Russell's vicious-circle analysis. It is noteworthy that this analysis may
be seen to lead to his eventual solution to the paradoxes, viz., his ramified theory of types, I

examine the analysis in Chapter 3.
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Chapter 2

The Logical Theory of The Principles of Mathematics

As a result of his exposure to the work of G, Peano and G.E Moore, Russell produced his
Principles of Mathematics, volume 1. In this volume, he put forward the beginnings of a
logical theory whose precise details he intended to explain in a companion volume 2, Before
Russell could start to work on this companion volume, however, he discovered his class
paradox and several logicians discovered other paradoxes soon afterward, Accordingly, he
postponed the work on the companion volume and devoted himself instead to finding the
solution to the paradoxes. After much effort, in 1906 he came upon what he took to be their
solution, viz,, his celebrated vicious-circle principle, Shortly afterward, Russell began work on
the intended companion volume and, as is well-known, this work culminated in the publication
of Principia Mathematica.™

Not surprisingly, the logical theory put forward in Principia to a certain extent
resembles the logical theory implicit in Principles, Both theories have the same items as their
subject matter -- that is, individuals, propositional functions, and propositions -- and, roughly
speaking, share most of their basic principles, Indeed, the logical theory of Principia -- call it
LT(PM) -- may be understood as the result of modifying the logical theory implicit in Principles
-- call it LT(POM) -- in order to abide by the vicious-circle principle. In this light, in order to
understand LT(PM) one should first understand LT(POM) as well as the vicious-circle
principle, In fact, when Russell presents LT(PM) in Principia, he appears to assume that his

audience is already familiar with LT(POM) for he elaborates very little on the nature of several

See the Preface to Principia, p. v.
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of LT(PM)'s important elements -- for example, its individuals, propositional functions,
propositions, and logical constants,

Toward the end of understanding LT(PM), I briefly examine LT(POM) in this chapter
(I examine Russell's vicious-circle principle in the next chapter), In this effort, I confine my
attention both in breadth and in depth. That is, I only examine those aspects of LT(POM) that
are relevant to understanding LT(PM) and, even when examining such aspects, I do so only to
the extent that it is relevant in this respect. Since Russell's discussion of LT(POM) in
Principles is extremely rich, there is much to LT(POM) to which my effort cannot be thought

to do justice,

1. The Ontol f LT(POM

In Part I of Principles, entitled "The Indefinables of Mathematics," Russell puts forward an
ontological view that describes the ontology he takes LT(POM) to have, his realm of being,
Peter Hylton in his RIAP aptly calls this ontological view Platonic Atomism. The realm of
being it describes is atomistic in two respects. First, every 'term' -- Russell's word meaning
object in general -- in the realm of being is either absolutely simple -- that is, it is not composed
of anything else -- or it is obtained by an operation of composition ultimately starting from
other terms that are simple. Secondly and more significantly, every term in the realm of being,
roughly speaking, is what it is -- has the nature that it does -- independently of the
circumstances of every other term in the realm of being, More precisely, every simple term is
what it is independently of the circumstances of every other term and every compound term is
what it is independently of the circumstances of every term that is not a constituent of i,
Russell made this claim by saying that all relations are external. As is well-known, he did so as

part of his rejection of British Idealism which claimed that all relations are internal -- in other
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words, every term is what it is in virtue of every relation it bears to every other term. The realm
of being Russell's ontological view describes is platonistic in the sense that certain of its
terms are abstract as opposed to concrete. Numbers, classes, properties, and relations are
among such abstract terms. Russell advocated that the realm of being countenance abstract
terms for the same reason that Frege did: they are required to give an account of mathematical
discourse.

Like any logical theory, LT(POM) contains several logical categories and each term in
the realm of being belongs to one or more of such categories according to the logical role(s) it
may play. Among others, there are the categories of thing, concept, propositional function,
denoting concept, class, proposition, variable, and logical constant, As the categories of thing,
concept, propositional function, proposition, variable, and logical constant play constitutive

roles in LT(PM), I focus on them in the following,

(a) Propositions”

Propositions play two important roles in LT(POM). First, they are 'complexes' of terms and, as
such, are themselves terms in the realm of being on a par with all other terms in the realm of
being, As complexes, they may be thought of as ordered in the sense ihat only certain orderings
of words of certain kinds constitute clauses that mean propositions and different orderings of
the same words constitute different clauses that may mean different propositions, Secondly,
propositions are the objects or vehicles of judgement. As such, they are what we judge,
understand, suppose, know, assert, and so on. Crucially, Russell claims that, save for a few

notable exceptions’, what a proposition is about is in the proposition itself and, so, when we

7 Although I shall not discuss the matter, Russell's account of propositions descends directly
from G.E, Moore's account,
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Jjudge, suppose, or know a particular proposition, we are judging, supposing, or knowing about
the terms that belong to the complex that is that proposition.

One may note the stark contrast between this view of Kussell's and Frege's more
familiar view. According to the latter view, what we judge, suppose, or know are thoughts and
when we judge, suppose, or know a particular thought, we are judging, supposing, or knowing
about the referents of the senses that compose that thought, Such referents do not in any way --
on most readings -- figure in the composition of the thought.

This stark contrast was actually a subject taken up in correspondence between Frege
and Russell, Thus, in a response to Frege's comment that;

... Mont Blanc with all its snowfields is not itself a component part of the
thought that Mont Blanc is more than 4000 meters high.”

Russell famously writes:
[ believe that in spite of all its snowfields Mont Blanc itself is a component part
of what is actually asserted in the proposition ‘Mont Blanc is more than 4000
meters higlt'. ... we assert the object of the thought (an objective proposition,
one might say) in which Mont Blanc is itself a component part,*
The contrast may be highlighted by considering the predicative part of the proposition in
question, viz., the property of being more than 4000 meters high. By Russell's lights, if this
property is a term in the realm of being, the proposition in question is the complex of Mont

Blanc and this property. That the property itself is a component of the proposition gives rise to

several problems to which Frege's view on the face of it does not, Among others, there is the

™See the discussion of Russell's theory of denoting concepts below.

MLetter to Russell dated 13 November 1904, Gottlob Frege: Philosophical and
Mathematical Correspondence, ed. B, McGuiness (Chicago: The University of Chicago Press,
1980), p. 163.

o etter to Frege, dated 12 December 1904, op. cit., p. 169,
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problem of explaining in what the unity of the proposition consists. Russell states the problem
in a rather sharp way in Principles:

The twofold nature of the verb, as actual verb and as verbal noun, may be
expressed, if all verbs are held to be relations, as the difference between a
relation in itself and a relation actually relating. Consider, for example, the
proposition "A differs from B." The constituents of this proposition, if we
analyze it, appear to be only A, Difference, and B, Yel these constituents, thus
placed side by side, do not reconstitute the proposition, The difference which
occurs in the proposition actually relates A and B, whereas the difference after
analysis is a notion which has no connection with A and B. It may be said that
we ought, in the analysis, to mention the relations which difference has to A
and B, relations which are expressed by is and from when we say "A is different
from B." These relations consist in the fact that A4 is referent and B relatum
with respect to difference. But "4, referent, difference, relatum, B" is still
merely a list of terms, not a proposition, A proposition, in fact, is essentially a
unity, and when analysis has destroyed the unity, no enumeration of
constituents will restore the proposition. The verb, when used as a verb,
embodies the unity of the proposition, and is thus distinguishable from the verb
considered as a term, though I do not know how to give a clear account of the
precise nature of the distinction.[ Principles, §54.]

As we shall see in the next chapter, Russell will change his view slightly, In response to the
vicious-circle principle, he will conclude that a term that plays a predicative role in a given
proposition cannot figure in that proposition in the same way as a term that plays a
nonpredicative role in it,

Those who are familiar with Russell's later 1918 theory of Logical Atomism may now
be prompted to ask how LT(POM)'s propositions relate to facts. Recall that the 1918 theory
countenances facts as items distinct from propositions®' and it says that a proposition is true if
and only if there exists a fact with which it may correspond, Truth is thus definable in terms of
such a correspondence and, accordingly, the 1918 theory cannot countenance 'false' or merely

possible facts. Recall also that the 1918 theory says that the world is simply the totality of all

*According to the 1918 theor, a proposition is an indicative sentence, not what such a
sentence means,
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the facts that there are. LT(POM) differs rather sharply from this later theory, To begin with,
LT(POM) does not countenance facts as items distinct from propositions, Rather, it has as a
logical constant the property of being true and, as such, this property is an indefinable term in
the realm of being.** Facts may be defined in terms of this property as follows: If the property
happens to apply to a given proposition, then and only then that proposition is true and may be
taken to be a(n actual) fact. In this respect, to the extent that the world is simply a totality of
facts, by LT(POM)'s lights, the totality in question must be all the true propositions and none of
the false ones.

It is noteworthy that Russell's view has one consequence about propositions that, for
different reasons, Frege, the early Wittgenstein, and more contemporary philosophers of
language all claim, viz., that a proposition, qua meaning of a sentence, has the nature that it
does irrespectively of whatever else may be the case -- in particular, irrespectively of its truth
value, This consequence follows from the circumstance that a proposition is a term in the
realm of being and that every term in the realm of being has the nature that it does
irrespectively of the circumstances of every other term.

So far, we have not looked at the requirements that the terms that make up a

proposition must satisfy in order that they may do so. I address this matter in what follows,

(b) Things and Concepts,

Here I consider what Russell says about the internal structure of what might be called
atomic propositions. These are propositions that are not composed of simpler propositions;

that is, they are propositions none of whose proper parts is a proposition.

82Gee Principles, §12, "On the Nature of Truth and Falsehood" in Philosophical Essays.
Russell's view about the role of truth in LT(POM) descends from what Moore says about it,
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In §48 of Principles, Russell writes that any atomic proposition may be understood to
be composed of terms of two kinds, one term that plays a predicative role in the proposition in
question and one or more terms that play a nonpredicative role in the proposition. In general,
when such an atomic proposition is expressed by a natural language sentence, the term playing
the predicative role in the proposition will be correlated to the sentence's verb or adjective(s)
and the term(s) playing the nonpredicative role will be conelated to the sentence's noun(s)
and/or noun phrase(s).

S mificantly, Russell writes that any term that plays a predicative role in an atomic
proposition may play a nonpredicative role in some other atomic proposition, Any such term
Russell calls a concept. He further writes that there are terms in the realm of being that play
and can only play a nonpredicative role in atomic propositions. Any such term he calls a thing
(from now on I shall write 'Thing' as opposed to 'thing' to distinguish Russell's technical usage
from ordinary usage). Russell's justification for this claim seems to be similar to Aristotle's
justification for the claim that substances exist.

In an effort to illustrate the above claims, Russell in §48 considers the proposition that
Socrates is human, Clearly, in this proposition Socrates is a term that plays a nonpredicative
role whereas the property of being human is a term that plays a predicative one, According to
Russell, Socrates is such that he could never play anything but a nonpredicative role in a
proposition and, therefore, he must be a Thing, The property of being human, on the other
hand, is a concept, for there are atomic propositions such as the one considered here in which it
plays a predicative role and there are atomic propositions in which it plays a nonpredicative role
as well -- Russell offers the proposition that humanity belongs to Socrates as an instance of the
latter kind.

One may note here yet another point of contention between Russell and Frege. In
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contrast to Russell, Frege famously claims in his "On Concept and Object” that whatever plays
a predicative (or unsaturated) role may not play a nonpredicative (or saturated) role as well,
Ironically, in their arguments toward their respective conclusions on the matter, Russell and
Frege both make appeal to the conditional that if it were not the case that a predicative item
could play a nonpredicative role, then one could not even say of the predicative item in
question that it plays a predicative role. However, whereas Russell contraposes after such an
appeal, Frege simply detaches.

I* is noteworthy that Russell writes very little about the nature of Things and concepts
that is at all specific and, of the terms in the realm of being with which we may be familiar, he
never identifies the ones that he takes to be Things and the ones that he takes to be conceplts,
This paucity of detail actually serves his purpose since the categories of Thing and concept are
logical categories of LT(POM) and, qua logical theory, LT(POM) should be indifferent to the

specific features of the world.*

(c) Variables
LT(POM)'s variables play an integral role in the construction of what might be called
compound propositions. These are propositions that are not atomic, They also play an integral
role in the construction of propositional functions.

Russell's account of LT(POM)'s variables is very complicated and thus difficult to
explain. Keeping our stated end in mind, I only offer the following brief remarks, First, as we
saw in chapter 1, §1, the variables are actual terms in the realm of being on a par with all other

terms, They are not symbols but terms meant by symbols. Secondly, they are all completely

BHowever, since LT(POM) may be construed as a theory describing the most general
features of the realm of being, this last claim may be difficult to spell out in any clear way,
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unrestricted and, so, they all have the same universal range of variation, In this respect, there is
only one kind of variable and, indeed, Russell talks about rhe variable;

By making our x always an unrestricted variable, we can speak of the variable,

which is conceptually identical in Logic, Arithmetic, Geometry, and all other

formal subjects.[ Principles, §88]
However, there must be infinitely many tokens of this one kind -- in the sense that the variables
x and y occurring in Rxy are different tokens -- since propositions and propositional functions
may contain any number of variables in them. Thirdly, although the range of a variable may be
infinite, the variable itself must have only finite complexity. This follows from Russell's theory
of denoting concepts explained in Chapter V of Principles. Roughly speaking, according to this
theory, every term that figures in a proposition must have only finite complexity since otherwise
our 'finite' minds would not be able to comprehend it. However, there are propositions that
clearly talk about terms having infinite complexity such as the class of natural numbers and, so,
there must be terms having only finite complexity that figure in these propositions and represent
or 'denote' such other terms -- note here that this circumstance constitutes an exception to the
general claim that a proposiiion contains what it is about, For instance, Russell takes the term
all numbers to be one of these terms having only finite complexity;

With regard to infinite classes, say the class of numbers, it is to be

observed that the concept all numbers, though not itself infinitely complex, yet

denotes an infinitely complex object, This is the inmost secret of our power to

deal with infinity. An infinitely complex concept, though there be such, can

certainly not be manipulated by the human intelligence; but infinite collections,

owing to the notion of denoting, can be manipulated without introducing any

concepts of infinite complexity.[ Principles, §72]

Not surprisingly, Russell also takes the variable to be another of the terms having only finite

complexity that figures in propositions and represents or denotes an infinite collection, namely,
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its infinite value range.®
(d) Logical Constants.
Like LT(POM)'s variables, LT(POM)'s logical constants play an integral role in the
construction of compound propositions and in the construction of propositional functions,
Roughly speaking, LT(POM)'s logical constants include among others the universal quantifier®,
material implication, membership, class abstraction, and truth,** Unfortunately, Russell says
very little about these other than that they are indefinable. Indeed, because they are
indefinable, little can be said about them:;
The logical constants themselves are to be defined only by enumeration, for
they are so fundamental that all the properties by which the class of them might
be defined presuppose some of the terms of the class, But practically, the
method of discovering the logical constants is the analysis of symbolic logic ...
[Principles, §10]
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